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Abstract. Methods for testing equality of horizontal distances of.subsequent parallel or common lines 
are suggested in this paper. Possibilities of using these methods are given on data concerning spring barley 
leaf growth. 

Studying the biology of plants we have very often measured and described 
processes running in a given time interval with a constant speed and repeating 
themselves at time intervals of different lengths. 

In our case we consider the dependence of the length of a growing leaf on the 
thermal time. In the given range the rate of growth is constant, therefore the 
dependence is of a linear type. In such a way individual leaves are growing over 
different time intervals. It is necessary to determine whether rates of growth of 
separate leaves are equal, i.e. whether the corresponding regression lines are 
parallel. 

Further we are interested in comparison among phyllochrons that are determined 
by the differences of the thermal time between instants when two following leaves 
reach the given length. 

Difficult and time-consuming measurements do not give corresponding results, 
often due to an insufficient or inadequate statistical evaluation. Whereas this way of 
collecting data is very frequent in the physiology of plants in this paper we propose 
a new method of statistical evaluation. Testing the parallelism of regression lines has 
already been used for a long time. However the further methods that we shall deal 
with, are not easily available although the basic ideas are simple. 

Received July 13, 1989: accepted July 3, 1990 

181 



182 K. ZV/kRA, L. N,~TR 

MATERIAL AND METHODS 

A. Cultivation and measuring of plants 
Spring barley (Hordeum vulgate L., cv. Kor~il) plants were cultivated in the 

nutrient solution Hoagland 1 (containing 1 mmol (NO3-) 1-1 in solution), Hoagland 
2 (5 mmol (NO3-) I -l) and Hoagland 3 (15 mmol (NO3-) I-l). Exact composition of 
nutrient solutions is given by Lagtfivka and Min~i~ (1967). The plants were cultivated 
in an unheated glasshouse. 

The length of separate leaves was measured for 12 plants. The temperatures for 
each even hour were read from the thermograph records and the mean daily 
temperature was calculated. Values of instant temperatures less than 0 ~ were 
added as zeros. Details of the cultivation and measurements were described by N~itr 
(1989). 

B. Statistical evaluation 

1. Notation 
Let us introduce the necessary notation. We are dealing with m linear regression 

lines, i-th of them can be written as 

y = 6~ + 13, (x - ~ ) .  

Parameter Hi characterizes the rate of growth of the i-th leaf. s indicates the mean of 
thermal times of this line, parameter 6~ indicates the length of the i-th leaf in the time 

Xi. 

The hypothesis that all lines are parallel (all leaves have the same rate of growth) 
can be written as 

H ~ :  ~1 = ~2 = . . .  = 8 r n (  = ~ ) .  

Let symbol y0 denote some predetermined length of the leaf which we are 
interested in. The i-th leaf reaches this length in the time 

Xo~ = s + (yo -/5,) / i~. 

It follows that i-th phyllochron equals the difference 

1~i ~ X0,i+l -- X0i �9 

The hypothesis that all phyllochrons are the same can be formulated as the 
requirement 

H~:~l =~2 = - . .  =~m-I (=~).  
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Now, we will append an important assumption, from which all suggested proce- 
dures follow. Deviations of measured values y (length of leaf) from that determined 
by linear dependency 

y = + (x  - 

are random, they have the same dispersion ~2, they are stochastically indepen- 
dent and normally distributed. 

2. Estimation of parameters of individual lines 

For an estimation of the i-th regression line we have at our disposal the couples (Xih 
y~) . . . . .  (Xin,, yin,), where x~j in our problem stands for thermal time and y~j for the 
taken length of the i-th leaf. We have totally 

n- -  "~. ni 
i=l 

observations and suppose that n > 2 m. For i = 1 . . . . .  m let us denote 

Xi = ( ~ Xij) /I h i ,  
j=! 

S,x, = (x j- 
j=l 

nl 

j=l 

• i=(  ~ Yij)/ni, 

Syyi = ~ (Yii- ~/i) 2 , 
j=l 

If it is true Sxx~ > 0 for all i, then we can estimate the parameters of all m lines : 

bi = Sxyi /Sxxi ,  di = Yi. 

The residual sum of squares of the i-th line equals 

RSS0i --  Syyi - S2xyi/Sxxi .  

Still we suppose that the lines are common, that they do not have to be parallel. The 
aggregate sum of squares equals 

RSS0 = ~ RSS0i. 
i=l 
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As the estimate o f  dispersion 02 we can use the statistic 

So 2 = RSS0 / (n - 2m) . 

3. Testing parallelism of lines 

For testing the hypothesis H~ it is useful to compute the estimate of the common 
slope 13 as b = S~y / Sx~, 

where 

S~ = ~ Sx~, 
i = l  

Sxy = ~ Sxy,, 
i = l  

Syy = ' ~  Syyi.  
i = l  

If we suppose parallelism of lines, then the residual sum of squares equals 

RSSl = Syy - Sxy2/Sxx 

and estimate of dispersion o 5 equals 

sl 2 = RSS1/(n - m - 1).  

For testing the hypothesis of parallelism Ha (the growth rates of leaves are the 
same) we can use the statistic 

Fo = ((RSS1 - RSSo) / (m - 1)) / (RSSo/(n - 2m)) .  

We will reject the hypothesis Ha on the level of significance ot if 

Fa => Fm-l ,n -2m(O.)  , 

where the (upper) critical value of F distribution is on the right side. 
In the case when we do not reject the hypothesis Ha, it interests us why we did so, 

which pair of lines are pairs of non-parallel lines (which pairs of leaves grow at 
a different rate). 

The slopes of i-th and k-th lines (rate of growth of i-th and k-th leaf) are 
significantly different on the level of  significance 0t by the Scheffe method  (e.g. 
And61 1978) if 
I b, - bkl----> So ((m -- 1) (1/Sxx~ + 1/Sxxk) Fm- t ,n  2m(t ' t ))  1/2 

In this case (estimates b~ and bk and s 2 are independent) it is possible to apply the 
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Tukey method (Hayter  1984), too. Then, the slopes of i-th and k-th lines are 
significantly different when 

I b, - bk ) ----> So qm,~ ((1/Sxx, + 1/Sxxk) / 2)  '/2 , 

where qm,p (et) denotes the (upper) critical value of the studentized range. This 
second method gives as a rule a test with higher power (this test more frequently 
rejects the hypothesis when it is not true). 

4. Testing equality of phyllochrons 

Let us start with the estimate of the moment of attaining the given level y0 

Xoi = xi + (y0 - di )  / bi. 

Evidently, this estimate is useful only in case of non-null b,  In this case we estimate 
the i-th phyllochron as 

ti = X o . i + l  - -  X 0 i  

= ( X i + ,  - -  Xi) -t- (yo -- d~+,) / b,+, - (y0 - d~) / bi. 

For testing the hypothesis H~ on equality of phyllochrons we want to know the 
variance of estimate ~,.o. By means of routinely used approximation based on the 
Taylor  expansion (e.g. Rao  (1978), equat ion (6a.2.1)) we will get 

var ~o, ~ o 2 g i  , 

where we wrote 

, ( n,y0 
g , - - -  1 +  - - - - -  . 

n,  b i  2 bi 2 Sxxi 

It follows that 

var ti -- 02 (gi+l +g,) ,  
cov (tl, t i + l )  ~ - -  O ' 2 g i + l  . 

Let us introduce a symmetric matrix V of  order  m-1 by 

v~, = gi + gi+l . 
V i , i + l  ~ V l + l . j  ~ - -  g,+l , 

v i j=O f o r [ i - j [  > ! ,  
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vector  t o f  elements t , , . . . ,  tm I and vector  o f  ones by 

1 = ( 1 , 1  . . . .  , 1 ) ' .  

For testing the hypothesis H, we will use statistic 

t 'V ' t  - ( I ' V - ' t ) 2 / ( I ' V - ' I )  
F ,0= 

(m - 2) s0 2 

The hypothesis is rejected on an approximate level of significance et, if 

F,0 = F m - 2 , n - 2 m ( C t )  �9 

The phyllochrons x~ and xk are significantly different by the Scheff6 method on an 
approximate level a, if 

{ ti - tk { ~ So ((m - 2) e'ik V eik  Fm-Ln 2m(00) I/2. 

The symbol e~k denotes a vector of zeros with the exception that the i-th element 
equals one and k-th element equals minus one. 

5. Testing of equality of phyllochrons in case of parallel lines 

In case of competent assumption that the lines are parallel (the leaves grow at the 
same rate), there are two possibilities for testing the hypothesis H,. 

The approximate method, suggested in the previous chapter, can be adapted. To 
estimate the time of getting the given level y0 we use the common estimate of slope, 
namely 

x0i = xi + (y0 - d i ) / ;  b .  

Estimate of phyilochron then takes the form 

ti = x 0 , i + ,  - -  x 0 i  

= (l~i+, -- X,) -- (di+l - d~) / b. 

Let us notice that in case of parallel lines (the same growth rate of the leaves) it 
makes no difference what value y0 (what length of leaf) we used in definition of the 
phyllochron. 

The approximate variance matrix o 2 V of  vector  t is given by 

1 1 (di+, - -  d i )  2 
V i i  - -  -~" "4- , 

b 2 ni b 2 n i + l  b 4 Sxx 
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Vi,i+l = Vi+l,i - -  
1 (d,+2 - d~+,) (d~+, - d~) - - +  

b 2 ni+l b 4 Sxx 

(dj+, - dj) (di+l - di) 
Vi j  = Vj i  = for l i  - j I > 1. 

b 4 Sxx 

For  testing the hypothesis  H~ we use the statistic 

Fxl = 
t ' V  ' t  - ( l ' V - ' t ) 2 / ( I ' V - '  1) 

(m - 1) sl 2 

On approximate  level a we will reject  the hypothesis  in the case when 

Eel -> F m - 2 , n - m - l ( ( l )  . 

Approx imate ly  on the same level of significance phyl lochrons "ti and "tk are different,  
when 

I t i -  tk I ~-~ SI ((m - 1)  e ' ik V elk Fm 2.n m-l(001/2. 

However ,  equali ty of phyl lochrons can be tested in ano the r  way. According to 
hypothesis  He all values ~ must be the same. If we suppose that all slopes are the same 
and non-null ,  it means  that the quantit ies 13"t~ = "t~* are the same. In this case the 
hypothesis  He is equivalent  to the hypothesis  He* : "h* = "t2* = . . .  = "tin-I" (=  "t*). 
Pa ramete r  "t,* can be es t imated by 

t f  = b(xo,,+l - Xoi) = bt, 
= b ( x i+ ,  - x i )  --  ( d i+ ,  - d 3 .  

Exact variance matr ix of vector t*  is equal to V * ,  where  

(Xi + 1 -- Xi) 2 1 1 
v * , ,  - -  + - -  + - - ,  

Sxx n~+l ni 

(Xi+2 --  X,+I) (Xi+l --  X,) 1 
V*i,i+l ~ V*i+la ~-- 

Sxx n i+ l  

~j+l  - ~j) (~+, - ~)  
v*ij = for ]i - J l > 1. 

Sxx 

As test cri terion we will use 

t * 'V*  t t * - ( l ' V *  l t * ) 2 / ( l ' V *  ~1) 
F~* --  

(m - 1) s, 2 
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Figure I. The dependence of the leaf blade length of the 1st (A), 2nd (A), 3rd (�9 4th (D) leaf 
of spring barley plant on sum of daily mean temperature greater than 0 ~ (~ D). Plants were 
cultivated in Hoagland 1 nutrient solution (HI), Hoagland 2 (H2), Hoagland 3 (H3). 

Now, w e  will  reject  the  h y p o t h e s i s  on  the  exact  level  of  s ign i f i cance  ct, if it true that 

FT. ~ Fm-2.n-m-I ((l).  

Quantities T*i and Z*k (SO phyllochrons "~i and ~k) are significantly different by 
the Scheffd method if 

It*, - t'k] = Sl((m -- 2) e'ikV* eik Fm 2.n m I ( 0 0 )  I/2. 

RESULTS AND COMMENTS 

There are data on four leaves for each of three nutrient solutions (Fig. 1.). The 
parameter estimates of common lines are stated in Table 1. For none of the solutions 
can the lines be supposed parallel as can be seen from Table 2. In all cases it is due to 
the rate of growth of the 4-th leaf, which does not constitute a homogenous group 
with the others. Moreover, for the solutions Hoagland 1 and Hoagland 2 it differs 
from the others on the 5 % level (Table 3). 

Time Xo~ of attaining the given length y0 depends on the choice of this value. When 
we select y0 = 50 ram, we will get the estimates given in Table 4. The table gives 
estimates of time taken to attain leaf length 50 mm computed under the assumption 
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TABLE 2 

Tests of parallelism of regression lines, which estimates are given in Table 1. 

Significance degrees of 
F~ level freedom 

Hoagland 1 9.641 0.0007 3 16 
Hoagland 2 32.606 0.0000 3 16 
Hoagland 3 6.526 0.0063 3 13 

TABLE 3 

Homogeneous groups of slopes from Table 1 by means of Scbeff6 and Tukey multiple comparison method 
(every column represents one group, a star indicates incidence in this group) 

Hoagland 1 Hoagland 2 Hoagland 3 
i Scheff6 Tukey Scheff6 Tukey Scheff6 Tukey 

1 * *  * * * * *  * *  

2 * * * * ** ** 
3 * * * * * * 
4 * * * * * * 

TABLE 4 

Estimates of thermal time for taking leaf length equal 50 mm in models with individual and with common 
slopes (parallel regression lines). In parentheses are given standard errors of estimates. 

Hoagland 1 Hoagland 2 Hoagland 3 
slope slope slope 

i individual common individual common individual common 

1 159.4(2.3) 155.6(2.8) 156.1(1.9) 154.8(2.8) 153.5(3.1) 155.0(2.2) 
2 241.0(2.2) 238.2(2.9) 230.8(1.2) 225.0(2.8) 223.9(2.1) 225.6(2.4) 
3 343.7(1.8) 339.7(2.6) 322.6(1.8) 318.8(3.5) 331.8(1.1) 329.9(1.8) 
4 430.5(1.8) 433.6(1.8) 389.8(4.0) 410.3(2.8) 404.3(3.4) 409.8(1.9) 

TABLE 5 

Estimates of phyllochrons (~ d) of common lines (see Table 4) and theirs incidence to groups by means of 
Scheff6 multiple comparison method. 

Hoag/and 1 Hoag/and 2 Hoag/and 3 
i T I  "l:t "1;i 

1 82.6 * 74.7 * 70.4 
2 101.7 * 91.8 * 107.9 
3 86.8 * 67.2 * 72.5 
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TABLE 6 

Tests of equality of phyllochrons (see TABLE 4). 

Significance Degres of Estimate of 
F~ level freedom common value 

Hoagland 1 7.261 0.0057 2 16 91.6 
Hoagland 2 14.857 0.0002 2 16 81.8 
Hoagland 3 37.681 0.0000 2 13 91.1 

that  the lines are parallel ,  too.  As  we found,  this assumpt ion  is not satisfied in our  

data.  It is interest ing to notice, that  those two es t imates  do not differ  too much 

(differences  are smal ler  then twice the s tandard  e r ror  as a rule). For  a different  value 

of Y0 the result  can be dissilimar. 
The  es t imates  of phyl lochrons  der ived f rom the es t imates  of get t ing a given value 

for  y0 = 50 m m  are given in Tab le  5. It is not possible to consider  them as equal  in any 

case,  because  the re levant  Fstat is t ics  are highly significant (Table  6). F rom Tab le  5 it 

is evident  that  this is due to the high value of the second phyl lochron,  the re fore  by the 

g rea te r  dis tance be tween  t imes of gett ing the given value y0 = 50 m m  for  the second 

and third leaf. 

This me thod  of statistical evaluat ion was used in exper iments  by Tesa~ovfi and 

Nfitr (1990) ,  where  the impor tance  of thermal  t ime for  the descript ion of the rate of 

leaf growth and values of phyl lochron is discussed. Exper imenta l  da ta  given in our  
pape r  are used to demons t r a t e  the me thod  of statistical evaluat ion.  These  results are 
part  of a bigger series of exper iments ,  which will be publ ished in a special paper .  

The  p rog ram used wri t ten in T u r b o  Pascal 5.0 for  IBM X T / A T  c o m p u t e r  can be 

ob ta ined  f rom the first author .  
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